A stratification of the spectrum of the mod p equivariant cohomology ring of a compact Lie group action in terms of elementary p-subgroups has been obtained by Quillen. A corresponding result for compact connected Lie group actions in terms of subtori is proven in this paper by different means. In addition some localization and primary decomposition theorems are obtained. The paper closes with an application to uniform torus actions.
1. The stratification theorem. Let G be a compact connected Lie group, and let X be a topological space, on which G acts continuously. Throughout this paper we shall assume that the G-space X satisfies one of the following two assumptions:
(A) X is compact (Hausdorff), and dimQ//*(X)<oo; (B) X is paracompact, cd Q (X)<™, dim Q H*(X)<cc, and G acts on X with finitely many orbit types.
We shall be concerned with the set SΓ(X) of all pairs (K, c), where K is a subtorus of G, such that X*^0, and c is a component of X κ . 3~(X) will be partially ordered as follows:
for (H, d) and (K, c) in ^(X), (H, d) ^ (K, c), if and only if there exists g e G, such that gHg~ι C K and gd 2 c.
If (H, d) ^ (K, c) and (K, c) g (H, d), then we shall write (fί, d) = {K, c).

Thus, in 3~(X), (H,d) = (K, c) if and only if there exists g E G, such that
gHg~ι = K and gd = c.
Following Quillen [11], let H G (X) = m en (X\ and let H L = H*{B L \ for any closed subgroup L C G. A pair (K,c)GJ(I) determines a
cross-section of the bundle X κ -» £ K , and hence a map B κ -> X G . The induced map on cohomology, H G {X)-> H κ , will be denoted by (iC, c)*, and the kernel of (X, c)* will be denoted by p(X, c). Since we are using sheaf-theoretic cohomology, (K, c)* is independent of the choice of point in c used to determine the cross-section B κ -> X κ . It is clear, too, that if (H, d) = (K, c) in ^(X), then p(/f, d) = p(K, c).
Continuing to recall the notation of [11] , let
V(K, c) = {p E Spec (H σ (X)) | p D p(X, c)}, and let V(K,c) + = V(K,c)~ U{V(H,d)\p(H,d)D p(K,c)}.
Let Norm(X, c) = {g E G\gKg~ι = K and gc = c}, and let ZX = {g E G Igxg" 1 = JC, for all x E X}. Since the centralizer of K, ZK, is connected (see, for example, Bredon [5] ), gc = c, for all g E ZK, and all components c of X κ . Let T be any maximal torus in G, and let NT be the normalizer of T in G. Thus the Weyl group of G, W, is equal to NT IT. If K C Γ, let M/(K,c) be the group Norm (K,c)Π NΓ/ZK ΓΊ NT Given a maximal torus T C G, and given (H,d)E3~(X), there exists (X,c)ESΓ(X) such that X C T and (K,c) = (H,d). Thus we may find a subset I τ of if (X), such that (i) (X,c)e/ T ΦKCΓ, and (ii) for any (//, d) E ίΓ(X), there exists one and only one (X, c) E / τ such that (H,d) = (tf,c).
Recall from Chang and Skjelbred [6] that for a torus, K, there is a function σ: Spec(//*)->{PL E Spec(H K )\L is a subtorus of K}, which assigns to each prime ideal p of //*, the ideal generated by pΠ H 2 (B K ). Thus p D PL if and only if σ(p) D PL. σ(p) will be called the support of p. Let K + = {pE Spec(// K )|σ(p) = (0)}. The remainder of this section will be devoted to proving the following version of the Stratification Theorem. THEOREM 
Let T be a maximal torus of G. Then (i)
The spectrum of H G (X) admits a stratification as a disjoint union (ii) In the above remark we have used the fact that the commutative ring H G (X) is Noetherian. This is clear since H G is Noetherian, and the fact that dim o jF/*(X)< co implies that H G (X) is a finitely generated H G -algebra ( [10] ).
(iii) The sufficiency of the condition in Theorem 1. The following proposition will enable us to prove Theorem 1.1 by two separate applications of the going up theorem of Cohen and Seidenberg. ΊT is the bundle map X τ -» B τ , R = H τ , and / is the kernel of 7r*: R^H T (X) . π* will be denoted by p. Part (ii) is due to T. Skjelbred [8] : we include his proof. PROPOSITION 1.3. ( (X) . Then the i?-submodule of H T (X) generated by powers of x is finitely generated.
i) H T (X) is an integral extension of R/J. (ii) H T (X) is a finite Galois extension of H G (X). In particular the extension is integral
(ii) Skjelbred has shown that it is an easy consequence of a theorem of Borel, that the natural map
w , the subring of H T (X) fixed by the natural action of W ( [8] ). For x E H T (X), consideration of Yl wGW (x -wx) completes the proof.
REMARK. In [7] W.-Y. Hsiang shows that V7= Πτ=ιPK n where K u --, K m are the maximal connective isotropy subgroups of the action of T on X.
For the time being we shall assume that G = T, a torus, and we shall prove Theorem 1.1 in this case. For a subtorus K C Γ, let β κ be the map X κ -+X τ , and let QK be the ideal generated by ρ(PK) in H T (X) .
If K x is the identity component of the isotropy subgroup of the action of K on X at x E X, let F(X, x) be the component of X κ°k , which includes x. PROPOSITION 1.4. Jn H T (X), p(K°x, F(K, x) 
E 2 is a finitely generated bigraded differential R -module.
Since £ x is a subquotient of E 2 and R is Noetherian, it follows that £ x = E r for some r < °°, and E r is a finitely generated R -module. Thus, with the standard filtration, there exists a set of generators for E r as an H L -module having bounded filtration degree. Let n be an integer greater than the maximum filtration degree of the elements of such a generating set. Let xEkeτβ* κ .
Then x E F X H%(X), and so x n E F n H%{X).
It now follows that there exist y l5 , y m in H*(X), and a h *, a m of positive degree in H u such that x n = a { y x + + α m y m . But q* maps the elements of positive degree in H L into p(PK).
Hence
The next lemma enables us to dispense with any condition on the number of orbit types when X satisfies condition (A). LEMMA 
If a torus K acts on a space X satisfying condition (A), then the family
has only finitely many minimal members.
Proof By Remarks 1.2 (iii) it is enough to show that the family F = { (K°x, F(K, x) )\x EX} has only finitely many maximal members. Let 0 ^ r ^ rank(K), and let F r = {(K;, F(K, JC))|x E X and corank(K ) = r}. Let S Γ _, = {JC EX|corank(K;)^r-1}.
If (K°x, F(K,x) ) is in F r and is maximal in F, then F(K, JC) Π S Γ _i = 0. Hence, by the Localization Theorem ( [6] ), PK°xESupp(Ht(X,S r^) ). Furthermore, PK°X is clearly minimal in Supp(H£(X, 5 r _i)). But, from [2] , Hκ(X, 5 Γ _i)) is a finitely generated //^-module, and so Supp(//κ(X, 5 Γ -i)) has only finitely many minimal elements. (1) From the commuting diagram
To establish the existence of supports we need the following lemma: The next lemma is straightforward.
LEMMA 1.8. Lei pE Sρec(JF/ τ (X)), teί PL = σp"Xp), and /eί d and (&H o τ(ds) . Following the notation and methods of [6] , let
Let aEl x . Then φtp(a) = α (1,1, , 1). There exists yE
; ), and
We have, then, that p~*(p) D I x , and hence, PL = σρ~J(p) contains some PH, where H belongs to x. Since it is clear that the subtori, which belong to x, cannot contain L, we have a contradiction.
If 
Thus, if A is an ideal in H T (X), and A' is the ideal generated by
A Π ρ(R), then A = p(K, c) + A', as ideals. In particular, if (X, c) ^ (L, d), then
(r)E A Π ρ(R). Hence aE
We shall now prove Theorem 1.1 (iii) for a torus acting on X.
Proof By applying p' X) ), the map being p->(K, c)* ι (p). We shall now prove Theorem 1.1 in the general situation, where G is a compact connected Lie group, T is a maximal torus of G, and W is the Weyl group. The action of W on H T (X) induces an action of W on Spec(ί/ Γ (X)). The next lemma, together with Proposition 1.3 (ii), is the key to extending the results. LEMMA 1.14. Let pG Spec(H G (X)). Let a = p H τ (X) be the ideal of H T (X) generated by p. Let q E Spec(H Γ (X)) be such that q(ΊH G (X) = p. Then Va = Π wq.
Froo/. First, note that there always exists q such that q Π H G (X) = p, by the Cohen-Seidenberg Theorem. Now pCq, and so p = w p C w q. Hence a C Π w q.
Suppose x E Π^H.W q. Then, for any w E W, WJC E q. As before, consider Π wew (x ~ WJC) = 0. If the order of W is n, then we obtain an equation 
commutes, where i* is the restriction, and π is the orbit map. 9 such that gτr = ί*; g(W(q)) = qnH G (X).
Proof. Clearly there exists a well-defined continuous map g:Spec(H τ (X))/W-*Spec(H G (X))
If g(W(q)) = g(W(q')) = p, say, then, with p, q and a as in Lemma 1.14, we have that q' D v a, and hence q' D wq, for some w E W. Thuδ q' = wq, by the Cohen-Seidenberg Theorem, and hence g is injective.
Finally, /* is closed and surjective by the Cohen-Seidenberg Theorem; and hence g too is closed and surjective.
To distinguish between H T (X) and H G (X\ we shall, for the remainder of this section, denote the elements of Strat(H τ (X)) by q(K, c), reserving the notation p(iC, c) for Spec(H G (X)). 
(i) q(K,c)ΠH G (X) = p(K,c) (ii) If w E W is represented by gT in NT/T, then w -q(K, c) = Proof, (i) is clear from the definition of p(K, c). To see (ii) consider the diagram
, and, for x E X, ψ g is the map Γ(x, z)^ T(gx, gz). ψ g depends only on w, but θ g depends upon the choice of g. Clearly the rows may be chosen so that the diagram commutes, and the composition on the top row gives (X, c)*, while the composition on the bottom row gives (gKg~\ gey, and clearly, the latter map depends only on w, since tc = c, for any t E T. The result now follows since θ g is a homeomorphism, and ψ g is the homeomorphism on X τ , which induces the action of w" 1 on H T (X). Thus Strat(jy r τ (X)) is W-invariant, and we have the following lemma.
Proof. Let q E Spec(H τ (X)), let σ(q) = q(K, c), and . let wEW.
Suppose that wq D q(H, d) for some (H, d)E J(X). Then q D W^JFί, d), and so q(X, c) D w"^//, d). Thus wq D wq(X, c) D q(H,d), and, hence σ(wq)= wσ(q)= wq(K, c).
We are now in a position to prove Theorem 1.1 as stated.
Proof of Theorem 1.1. Given pE Spec(H G (X)), choose qE Spec(H τ (X)), such that qΠH G (X) = p, and set σ(p) = σ(q)Π H G {X). By Lemma 1.17, σ is a well-defined map of Spec(H G (X)) onto The essence of the proof of Theorem 1.1 (i) and (iii) is that the homeomorphism, /, of Corollary 1.15 induces a homeomorphism /:Strat(H G (X))^Strat(H τ (X))/W, such that fσ = σ'f where σ': Spec(H G (X))/W->Strat(// τ (X))/W is induced from σ:Spec(H τ (X)) ->Strat(H τ (X)), by Lemma 1.17: and Strat(// τ (X))/W is in one-to-one correspondence with I τ , by Lemma 1.16 (ii) .
The support maps defined above are natural, in as much as we have the following theorem, whose proof is straightforward, and will be omitted.
in which the horizontal maps are the obvious ones, is commutative and natural with respect to equivariant maps (G, X)->(G', X') , where G, G' are compact connected Lie groups, X, X' satisfy conditions (A) or (B) and the maximal torus of G' is chosen to contain the image of the maximal torus of G.
REMARK.
The support maps are not, in general, continuous with respect to Zariski topologies. The j>et of all V(a), where a is an ideal in H G (X) such that a = (0) or (1), or Va = ΓΊ; =1 p(K n c t ), for any (K n c t )<Ξ J τ , is a topology of closed sets on Spec(H G (X)); and if we take the subspace topology induced from this topology on Strat (H G (X)), then, clearly, σ is continuous.
The localization theorem and ideal theory. In [6],
Chang and Skjelbred use the Localization Theorem of [7] (and [10] ) to discuss the primary decomposition of certain ideals of geometric significance. This theory is concerned with R -module structures, and ideals in R. In this section, we shall recover similar results for H T (X)-module structures and ideals in H T (X).
We shall be concerned only with torus actions on X, and we shall consider closed invariant subspaces of X, Y and Z, which satisfy the conditions that dim Q /f *(Y)< oo ? and dim Q //*(Z)<°o. (Merely, we need H%Y) and H* T {Z) to be finitely generated H τ (X)-modules.) The long exact sequence of the pair (X, Y) in equivariant cohomology is an exact sequence of H τ (X)-modules.
To simplify notation we shall denote the ring H T (X) by B. Recall, too, the notation of Thus, if X is a Poincare duality space over Q, the local weights at F, and their corresponding F-varieties ([1]) , are precisely the pairs, (K, c), which belong to M, or, equivalently, which belong to N.
3. An Application. We shall say that an action of a torus, Γ, on a space, X, is toricly uniform, if given any two subtori, H and K, such that H C K, and X κ^ 0, then every component of X H contains at least one component of X κ \ that is c Π X*^0, for every component, c, of X H . A space, X, will be called toricly uniform, if every torus action on X is toricly uniform. It is clear that X is toricly uniform if, and only if, every torus action on X with a nonempty fixed point set is toricly uniform.
Toricly uniform spaces are common. For example, if the even rational homotopy groups of X are zero, then X is toricly uniform, since all nonempty fixed point sets are connected in this case ( [4] ). It will follow from Corollary 3.4 below, that X is toricly uniform if H odd (X) = 0. Thus, if X has the rational cohomology of complex or quaternionic projective space, then X is toricly uniform. The following is a simple example of a nontoricly uniform action.
EXAMPLE. Let Y = S 2 x S\ and let the torus T 2 = S ι x S ι act on Y by the product action of S ι rotating S 2 about an axis through the north and south poles, n and 5, and S 1 acting on S 1 by multiplication. Let A be the invariant subspace {n}xS\ and let X be the quotient space Y/A. Clearly X inherits a Γ 2 -action from Y; and this action is not toricly uniform, since T 2 fixes the single point A /A, and the first factor of T fixes this point plus {s} x S ι . We shall use the ideals, p(X, c), to give the following algebraic characterization of toricly uniform actions. In H T (X), let JV be the ideal of i?-torsional elements. The proof is strictly analogous to the proof of Theorem 3.1 as stated. By [7] , M may be characterized algebraicly as the set of all x G H T {X), such that ann(x) and / = ker[p: R -> H T (X)] have no common minimal primes.
For the proof of Theorem 3.1 we need the following proposition. Proof. Let φ: (X τ ) τ -> Xr, ςp.: F' Γ -* X Γ , 1 g ΐ S-s, be the inclusions. The localization theorem of [7] or [10] implies that N = ker φ*. Clearly ker φ * = Πf =1 ker φ *. Concluding Remarks. The ideals, p(K, c), or similar ideals in a closely analogous context were used to great effect, with varying degrees of explicitness, by Hsiang, Chang and Skjelbred in [7] , [6] and [13] . Indeed, one could rework the program of [7] The latter ideal has, therefore, minimal primes of the form PK in R and it is a very useful ideal for describing the geometry of connecting subtori, as was done in [7] , [6] and [13] . (Cf. Corollary 1.9, above).
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